
Conformational Transitions of Polymers in Critical Binary Fluids

Arti Dua*

Department of Chemistry, Indian Institute of Technology, Madras, Chennai-600036, India

Thomas A. Vilgis

Max-Planck-Institute for Polymer Research, P.O. Box 3148, D-55021 Mainz, Germany

ReceiVed April 23, 2007; ReVised Manuscript ReceiVed June 8, 2007

ABSTRACT: A mean-field theory for the coil to globule transition of polymers in critical binary fluids is presented.
We show using the uniform expansion method how the density fluctuations of the solvents can bring about the
collapse transition close to the critical temperature. When the size of the polymer is comparable to the correlation
length of the solvent density fluctuations, we find that a polymer undergoes a partial collapse in a mixture of
good solvents of slightly different quality. We calculate the blob size of a partially collapsed chain, which depends
on the preferential adsorption of better solvent onto the polymer. On length scales smaller than the blob size, the
chain is self-avoiding; on length scales larger than the blob size it is collapsed withR = N1/3. Close to the critical
temperature, the blob size of the polymer is found to depend on the nonclassical critical exponentη.

I. Introduction

Polymers in a critical binary mixture of good solvents show
rich conformational behavior. The size of the polymer is
determined by the proximity to the critical point of the
bicomponent solvents. In particular, far away from the critical
point, the polymer is swollen,R ∼ N3/5; as it approaches the
critical point of a mixture, it collapses to a globular state,R ∼
N1/3; and at the critical point, it reexpands,R ∼ N3/5. The onset
of the coil to globular transition is mainly determined by the
proximity to the critical point, which in turn depends on the
correlation length of the solvent density fluctuations. The fact
that the solvent density fluctuations can induce a partial chain
collapse even in a mixture of good solvents has raised much
interest in the past.1-11

When a polymer is dissoved in a mixture of two good solvents
of slightly different solvent qualities, the better solvent is
preferentially absorbed onto the polymer. This means that away
from the critical point, the polymer is immersed in a good
solvent, and the excluded-volume repulsive interactions between
different parts of the chain dominates the overall size. As the
mixture of solvents approaches its critical point, the solvent
density fluctuations become more and more correlated resulting
in fluctuation induced attractive interactions between chain
segments, the range of which depends on the proximity to the
critical point. Therefore, the interplay between the excluded-
volume induced repulsive interactions and fluctuation induced
attractive interactions determines the size of the polymer on
approach toward criticality. Close to the critical point, when
the correlation length of the solvent density fluctuations is of
the size of the polymer, the solvent density fluctuations com-
pletely shield the excluded-volume interactions, and the chain
collapses to a globular state. At the critical point, however, when
the solvent density fluctuation act on a much longer length scale
compared to the polymer size, the chain regains its original size.
These effects first predicted by Brochard and de Gennes1 using
simple scaling arguments were later confirmed by the simula-
tions of Magda et al.2 and Vasilevskaya et al.3 The collapse
transition is not limited to a binary mixture of good solvents.
Recent simulations of polymers in a single solvent close to the
lower critical solution temperature (LCST) show similar effects.4

Dynamic light scattering measurements in solutions of poly-
(acrylic acid) in water and 2,6-lutidine show evidence of partial
chain collapse close to the critical point of the solvents.7

However, these studies do not give clear evidence of the
reexpansion of the chain at the critical point. Recent experiments
in the same system using fluoroscence correlation spectroscopy
have confirmed chain reexpansion at the critical point.8

On the theoretical side, the scaling predictions of Brochard
and de Gennes have been re-formulated in the field theoretic
description by Vilgis et al.9 However, the latter theory ultimately
relies on a simplied version of Flory theory, which only accounts
for the longest length scale fluctuations (k ) 0) in the problem.
As a result, the proximity to the critical point is not well-defined.
In a mean-field treatment by Dua et al.,11 the size of a polymer
close to the critical point has been calculated using the uniform
expansion method of Edwards and Singh.16 However, the neglect
of the three-body interaction term in their description leads to
an incorrect prediction of the chain size close to the collapse
transition. We have recently included the three-body interaction
term in the uniform expansion method, which leads to a
nonuniform contraction of the chain size and allows us to
estimate the blob size of the collapsed chain.18 In this paper we
present a rigorous analysis of this problem using the uniform
expansion method. In particular, we calculate the size of the
polymer as a function of proximity to the critical point.

II. Model

The Hamiltonian of a polymer dissolved in a binary mixture
of good solvents is given by

whereHp is the polymer Hamiltonian given by

where the polymer conformation is decribed by the radius vector
r(s) at distances from one end of the chain;b is the Kuhn length;

H ) Hp + Hpf + Hf (1)

Hp ) 3

2b2 ∫0

N
ds (∂r (s)

∂s )2

+
Vmm

2 ∫0

N
ds∫0

N
ds′ δ[r (s) - r (s′)] +

w
6 ∫0

N
ds∫0

N
ds′ ∫0

N
ds′′ δ[r (s) - r (s′)]δ[r (s′) - r (s′′)] (2)
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N is the number of monomers;Vmm andw measure the strength
of the two-body and three-body interactions respectively. The
first term in the above Hamiltonian describes the entropic
elasticity of the chain. The second term accounts for the
repulsive interaction due to excluded volume effects and the
last term takes into account the three body interactions. The
fluid, on the other hand, is descibed by a collection ofn point
particles whose positions in space is represented by the vectors
qi, i ) 1, ...,n. Therefore, the fluid HamiltonianHf is given by

where i, j label the solvent molecules of two different types
given byσ, τ ) 1, 2. The interaction between the polymer and
the fluid is given by

whereVmσ is the short range interaction between the monomers
and the different species of the fluid. It is essential that the
solvent quality is slightly different, that is,Vm1 * Vm2. This
amounts to the preferential adsorption of the first solvent onto
the polymer whenVm1 < Vm2.

The problem is simplified if one introduces a collective
density field for the fluid given by

which satisfies the incompressibility constraintF1(q) + F2(q)
) F0, whereF1(q), F2(q) and F0 represent the density of the
first solvent, the second solvent and the mean density respec-
tively. The incompressibility condition, as defined above, is not
complete since the effects due to the presence of the polymer
are not accounted for. If included, they lead to a shift in the
critical temperature, which depends of the volume fraction of
the polymer,φp. Since in a dilute solutionφp is very small, we
neglect these effects.1,12 Using eq 5 and the incompressibilty
constraint in eq 4, one recovers

whereF(k) ) ∫ dqeik‚qF(q). The Hamiltonian for the incom-
pressible fluid, in terms of the density fieldF(q) is given by

whereτ ) øs - ø; ø is the Flory Huggins interaction parameter
of the fluid given by 2ø ) 2V12 - (V11 + V22). øs is the mean
field spinodal defined asøs ) 1/(φ1φ2), whereφ1 and φ2 are
the volume fractions of solvents 1 and 2 respectively;λ is a
phenomenological parameter. It is to be noted that the above
equation can be obtained from eq 3 by introducing the density
field given by eq 5 and accounting for the entropy of the fluid.13

The average over the solvent degrees of freedom can be
carried out using the above Hamiltonian,Hf. However, the
presence of the quartic term in the fluid Hamiltonian presents
difficulties.14 Away from the critical point,øs . ø, it is sufficient
to account for the Gaussian fluctuations. This amounts to
ignoring the quartic term in the above Hamiltonian. Within this
approximation, the average over the density field can easily be
carried out to give the following effective Hamiltonian:

where

where (Vm1 - Vm2)2 measures the strength of the attractive
interactions due to the density fluctuation andê is the correlation
length of density fluctuations. In writing the above equation
we have used14

Equation 8 can be represented as

where the first term represents the entropic interaction, the
second and the fourth term represents the two body and three
body interactions respectively. The third term represents the
interaction term due to critical fluctuations, which is attractive
in nature. In the next section, we will use the uniform expansion
method to calculate the size of the polymer in a binary critical
fluid.

III. The Size of the Polymer

The uniform expansion method of Edwards and Singh is a
well-known self-consistent variational approach to study the size
and the probability distribution of the end-to-end distance of a
chain in a good solvent.15,16The method is based on the uniform
expansion of a chain in terms of the expansion in an unknown
step lengthb1 such that the size of the self-avoiding chain
consisting ofN segments is governed by Gaussian statistics,R
) N1/2b1. The variational parameterb1 is then determined self-
consistently by a perturbative calculation, usually truncated at
first order. The details of the method are provided in Appendix
A. The governing variational equation can be obtained by
writing eq A15 in the following dimensionless form:

whereR ) R/R0 is the expansion factor;R0 ) N1/2b is the size
of the unperturbed chain;∆V ) (Vm1 - Vm2)2; andâ ) 〈R2〉/6ê2

is the dimensionless ratio of the size of the polymer and the
correlation length of the density fluctuations of the solvent. It
characterizes the proximity to the critical point. In writing eq
12, we have usedw ) b6. F(â) is given by

whereφ is the probability integral. The first two terms in eq 12
account for the entropy of the polymer; the third term is due to
the excluded volume interactions between the chain segments;
the fourth term accounts for the attractive interactions due to
the solvent density fluctuations; the last term represents the

Hf ) ∑
σ,τ

∑
i,j

Vσ,τ(qi
σ - qj

τ) (3)

Hpf ) ∑
σ)1,2

∑
i

Vmσ ∫0

N
ds δ(r (s) - qi

σ) (4)

Fσ(q) ) ∑
i

δ(q - qi
σ) (5)

Hpf ) (Vm1 - Vm2) ∫ dk

(2π)3
eik‚r (s)F(k) (6)

Hf[F(q)] ) ∫ d3q{1
2

(|∇F(q)|2 + τF2(q)) + λ
4!

r4(q)} (7)

Heff ) 3

2b2 ∫0

N
ds (∂r (s)

∂s )2

+ 1
2∫ d3k

(2π)3 ∫0

N
ds∫0

N
ds′ ×

Ṽ(k)eik‚|r (s)-r (s′)| + w
6 ∫ d3k

(2π)3 ∫ d3q

(2π)3
×

∫0

N
ds∫0

N
ds′ ∫0

N
ds′′ eik‚|r (s)-r (s′)|eiq‚|r (s′)-r (s′′)| (8)

Ṽ(k) ) Vmm -
(Vm1 - Vm2)

2

b2(k2 + ê-2)
(9)

〈F(k)F(-k)〉 ) 1

b2(k2 + ê-2)
(10)

Heff ) H0 + H2 - Hc + H3 (11)

1 - R2 +
VmmN1/2

b3R3
-

(∆V)N3/2F(â)

b3Râ5/2
+ 1

R6
) 0 (12)

F(â) ) eâ[1 - φ(xâ)](1 - 2â/3 + â2/6) +
2xâ/π - â/3 - 1 (13)
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three-body interactions. For convenience, we have ignored all
the numerical coefficients.

In what follows, we will consider the solution of eq 12 in
three different regimes: first,â . 1, representing temperatures
far away from the critical tempertureTc, corresponding to the
region of weak critical fluctuations; second,â ∼ 1, correspond-
ing to temperatures where the size of the critical fluctuations is
comparable to the size of the polymer; third,â , 1, representing
tempertures close to the critical temperatureTc.

Far away from the critical pointê f 0 andâ . 1. In this
limit F(â) f â3/2 and the above equation is given by

Since in this limit the fourth term is very small, it can be
ignored. The excluded volume effect, as described by the third
term, is a perturbation (R ∼ 1) as long asṼ ) VmmN1/2/b3 <
1.16,17 The perturbation theory breaks down whenṼ ∼ 1. This
happens whenN reaches the thermal blob size given byNT ∼
b6/Vmm

2. For largeṼ, it is expected thatR > 1. Therefore, the
comparison of the second and the third term yieldsR )
Vmm

1/5N1/10b-3/5 andR∼ Vmm
1/5N3/5b2/5. So the chain is swollen.

As the temperature of a binary solvent approaches the critical
temperature, the solvent density fluctuations grow in size. When
the correlation length of the solvent density fluctuation is
comparable to the size of the polymer,â ∼ 1, eq 12 is given
by

whereF(1) ) 3πe[1 - φ(1)] + 12xπ - 8π. In this limit, the
size of the polymer is determined by the balance between the
repulsive interactions due to excluded volume and the attractive
interactions due to critical fluctuations. Since the range of the
attractive and repulsive interactions is different, one expects a
partial collapse. The latter implies that on length scales smaller
than the blob size,R1, the chain is unaffected by the attractive
interaction due to the critical fluctuations, and retains the self-
avoiding statistics of a good solvent. On scales larger than the
blob size, the chain begins to feel the attractive interactions due
to the critical fluctuations, and the blobs are space filling, that
is, FR1

3 ∼ 1 implying R∼ (N/N1)1/3R1, whereN1 is the number
of monomers in a blob,F being the chain density. As discussed
above, in a good solventR ) Vmm

1/5N1/10b-3/5 as long as∆VN3/2/
b3R < 1. As ∆VN3/2/b3R ∼ 1, R = ∆ṼN3/2/b3. The comparison
of the with the latter with the former givesN1 = Ṽ1/7∆Ṽ-5/7b12/7

such that forN eN1 the chain is a self-avoiding walk of sizeR1

= Ṽ1/5N1
3/5

b2/5 implying R1 = Ṽ2/7∆Ṽ-3/7b10/7. For N > N1, on
the other hand, the chain is collapsed and is given byR = (N/
N1)1/3R1, whereN1 is the number of monomers in a self-avoiding
blob of sizeR1. The substitution ofN1 andR1 in R givesR =
N1/3Ṽ5/21∆Ṽ-4/21b6/7.

Close to the critical point,ê f ∞, implying â , 1. In this
regime the Gaussian approximation is not sufficient to account
for the density fluctuations close to the critical temperatureTc,
and the quartic term in eq 7 needs to be included. However, in
the presence of the quartic term the density field,F(q), cannot
be intergrated out. Therefore, at the simplest level of ap-
proximation, one can replace the density correlation as given
by eq 10 with the one that provides a correct scaling at the
critical point.

whereA is the amplitude andη is the critical exponent, which
is zero in the classical Gaussian theory. The above form of the
correlation function when substituted into eq 11 gives the
following equation forHc:

The above equation when substituted into eqs A1, A2, and
A5 gives the following variational equation:

The relevant blob size close to the critical temperture can be
found by comparing the third and the fourth term correponding
to the repulsive and attractive interactions respectively. This
gives the critical number of monomers

These monomers are present in a Gaussian blob of sizeR2 =
(Vmm/A∆V)1/(2-η)b. The size of the blob and its dependence on
the critical exponentη is consistent with the scaling predictions
of Brochard and de Gennes1 and Vilgis et al.9

IV. Conclusions

We interpret our results to suggest that the interplay between
two length scales-the size of the polymer and the critical length
of the solvent density fluctuations-determine the proximity to
the critical temperture. Our results provide a clear evidence of
a collapse transition when〈R2〉 ∼ ê2. Since, in this limit, the
range of attractive and repulsive interactions is different, the
collapse is partial. These results are consistent with experiments5-8

and simulations.2-4 At the critical temperture, the blob size
depends on the non-classical critical exponentη.

The experimental and numerical results show difference in
the point. This, however, cannot be captured by the present
method since far above the critical point the chain finds itself
in a well mixed good solvent. Far below the critical point, on
the other hand, the chain lowers its free energy by preferentially
adsorbing the solvent whose solvent quality is slightly better
than the other.

The recent experiment by Grabowski and Mukhopadhyay
provides the first experimental evidence of chain collapse and
reexpansion on approach to the critical point of a binary solvent.8

On approaching very close to the critical point, they observe a
dramatic increase in the size of the polymer to a value which is
much higher than the size far away from the critical point. The
mean field theory presented in this paper cannot predict such a
dramatic increase in the size of the polymer since it only
accounts for the Gaussian fluctuations very close to the critical
point. A more rigorous treatment accounting for the quartic term
in the density field of the solvent is required to explore the
region very close to the critical point, and capture some of the
effects seen in the experiment.

Appendix A: Uniform Expansion Method

Let us first review some of the main results of the uniform
expansion method, which is essentially based on defining a new
step length,b1 . b, such that the mean square end-to-end

1 - R2 +
ṼmmN1/2

b3R3
- ∆ṼN3/2

b3Râ
+ 1

R6
) 0 (14)

1 - R2 +
VmmN1/2

b3R3
-

∆VN3/2F(1)

b3R
+ 1

R6
) 0 (15)

〈F(r )F(0)〉 ) A

rd-2+η
(16)

A∆V
2 ∫ d3k

(2π)3 ∫0

N
ds∫0

N
ds′ eik‚(r (s)-r (s′))

|k|2-η
(17)

1 - R2 +
VmmN1/2

b3R3
- A∆VN3/2-η/2

b3R1+η
+ 1

R6
) 0 (18)

N2 = ( Vmm

A∆V)2/(2-η)

(19)
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distance of the chain in presence of the excluded volume is
Gaussian and is governed by〈R2〉 ) Nb1

2. This condition
amounts to replacing the original HamiltonianH0 ) 3/2b2 ∫0

N

ds r3 (s)2 with the reference HamiltonianH1 ) 3/2b1
2 ∫0

N ds
r3 (s)2. This step can easily be carried out by adding and
subtractingH1 from H0 to give the following expression for
the mean square end-to-end distance:

whereH2 andH3 are the two and three-body interaction terms
respectively andHc represents the critical term as defined in
eq 8. The idea is to expand〈R2〉 in a perturbative series about
the reference HamiltonianH1 such that to the first order
correction inVmm, (Vm1 - Vm2)2andw one obtains the following
variational equation for the unknown parameterb1:

where〈‚‚‚〉1 denotes the average with respect to the probability
distribution

The Gaussian nature of the probability distribution makes the
evaluation of the above averages simple. The details of the
uniform expansion method are well-known.15 The detailed
calculations of the terms containing the entropic interaction,
〈R2〉1〈H0 - H1〉1 - 〈R2(H0 - H1)〉1 and the two-body
interaction,〈R2〉1〈H2 - Hc)〉1 - 〈R2(H2 - Hc)〉1, are fairly
standard and can be found in refs 15 and 16

where∆V ) (Vm1 - Vm2)2. The uniform expansion method of
Edwards and Singh does not include the three body interaction
term. In what follows, we present the detailed calculation of
the three body interaction term,〈R2〉1〈H3〉1 - 〈R2(H3)〉1, the
calculation of which is very similar to that of the two-body
interaction term. Let us first calculate〈R2H3〉1,

The above equation, in terms of the wave vectorsk andq, can
be written as

The average with respect to the probability distribution can be
explicitly written as

where

In writing the above equation, we have expanded the mean
square end-to-end distance and the probability distribution in
terms of the internal coordinates. Since the probability distribu-
tion is Gaussian, it can easily be seen that all odd powered terms
in r (s) will vanish. The above equation can, therefore, be written
in a more compact form as

where we have written (r (s) - r (s′))2 ) - 1/k2 ∂2/∂λ1
2

eikλ1‚′
∫s

s
ds1|r3 (s1)||λ1)1 and (r (s′) - r (s′′))2 ) -1/q2 ∂2/∂λ2

2

eiqλ2‚′′′
∫s

s
ds1|r3 (s1)||λ2)1. Since all the averages in the above

equation are Gaussian, one can easily carry them out using the
well-known results of Gaussian averages with zero mean:〈(r (s)
- r (s′))2〉 ) |s - s′|b1

2 and 〈e-ikx〉 ) e-k2〈x2〉/2, wherex is a
Gaussian variable. The resulting equation is

After simplification, the above equation reduces to

Following the same procedure, one can calculate〈R2〉1〈H3〉1,
which is given by

〈R2〉 )

∫ D[r(s)]R2 exp[-(H1 + (H0 - H1) + H2 - Hc + H3)]

∫ D[r(s)] exp[-(H1 + (H0 - H1) + H2 - Hc + H3)]

(A1)

〈R2〉1(H0 - H1 + H2 - Hc + H3)1 - 〈R2(H0 - H1 +
H2 - Hc + H3)〉1 ) 0 (A2)

P[r (s)] ∝ exp[- 3

2b1
2 ∫0

N
ds r3 (s)2]

〈R2〉1〈H0 - H1〉1 - 〈R2(H0 - H1)〉1 ) Nb1
4( 1

b1
2

- 1

b2) (A3)

〈R2〉1〈H2〉1 - 〈R2(H2)〉1 )
2Vmmb1

4

9(2π)2 ∫0

∞
dk∫0

N
ds∫0

s
ds′ ×

(s - s′)2k4e-k2b1
2(s-s′)/6 (A4)

〈R2〉1〈Hc〉1 - 〈R2(Hc)〉1 ) -
2∆Vb1

4

9(2π)2b2 ∫0

∞
dk∫0

N
ds×

∫0

s
ds′ (s - s′)2 k4

(k2 + ê-2)
e-k2b1

2(s-s′)/6 (A5)

〈R2H3〉1 ) w
6 ∫0

N
ds∫0

N
ds′ ∫0

N
ds′′ 〈R2δ[r (s) -

r (s′)]δ[r (s′) - r (s'')]〉 (A6)

w
6 ∫-∞

∞ d3k

(2π)3 ∫-∞

∞ d3q

(2π)3 ∫0

N
ds∫0

N
ds′ ∫0

N
ds′′

〈R2eik‚|r (s)-r (s′)|eiq ‚|r (s′)-r (s′′)|〉 (A7)

〈R2H3〉1 ) Nw∫ D[r (s1)] ∫-∞

∞ d3k

(2π)3 ∫-∞

∞ d3q

(2π)3 ∫0

N
ds×

∫0

s
ds′ ∫0

s′
ds′′ [(r (N) - r (s)) + (r (s) - r (s′)) + (r (s′) -

r (s′′)) + (r (s′′) - r (0))]2eik‚|r (s)-r (s′)|eiq‚|r (s′)-r (s′′)| ×

e-3/2b12 [∫0

s′′
ds1|r3 (s1)|2+∫

s′′

s′
ds1|r3 (s1)|2+∫

s′

s
ds1|r3 (s1)|2+∫

s

N
ds1|r3 (s1)|2] (A8)

N ) [∫ D[r (s)]e-3/2b1
2∫

0

N
ds1|r3 (s1)|2]-1

〈R2H3〉1 ) w∫-∞

∞ d3k

(2π)3 ∫-∞

∞ d3q

(2π)3 ∫0

N
ds∫0

s
ds′ ∫0

s′
ds′′ ×

〈[(r (N) - r (s))2 - 1

k2

∂
2

∂λ1
2

- 1

q2

∂
2

∂λ2
2

+ (r (s′′) -

r (0))2]eikλ1‚|r (s)-r (s′)|eiqλ2‚|r (s′)-r (s′′)|〉|λ1,λ2)1 (A9)

〈R2H3〉1 ) w∫-∞

∞ d3k

(2π)3 ∫-∞

∞ d3q

(2π)3 ∫0

N
ds∫0

s
ds′ ×

∫0

s′
ds′′[(N - s)b1

2 - 1

k2

∂
2

∂λ1
2

- 1

q2

∂
2

∂λ2
2

+ s′′b1
2] ×

e-k2λ1
2(s-s′)b1

2/6e-q2λ2
2(s′-s′′)b1

2/6|λ1,λ2)1 (A10)

〈R2H3〉1 ) w∫-∞

∞ d3k

(2π)3 ∫-∞

∞ d3q

(2π)3 ∫0

N
ds∫0

s
ds′ ×

∫0

s′
ds′′ [Nb1

2 -
(s - s′)2k2b1

4

9
-

(s′ - s′′)2q2b1
4

9 ] ×
e-k2(s-s′)b1

2/6e-q2(s′-s′′)b1
2/6 (A11)
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which implies that

In the scalar form, the above equation can be rewritten as

The integration of the last integral is tricky as it diverges as
q f ∞. However, within the mean-field description the
divergence can be removed by introducing an upper cutoff for
the wave numberq. This leads to a nonuniform contraction of
a chain, the details of which are discussed in ref 18. The
integrations in eqs A4, A5 and A14 can easily be carried out,
the results when substituted in eq A2 gives the following
variational equation:

whereF(â) ) eâ[1 - φ(xâ)](1 - 2â/3 + â2/6) + 2xâ/π -
â/3 - 1; φ is the probability integral;â ) Nb1

2/6ê2 andê is the
correaltion length. The above equation can be written in a
dimensionless form by dividing it byNb1

2 and definingR )
b1/b. The final form of this variational equation is given by eq
12.
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∞ d3k

(2π)3 ∫-∞

∞ d3q
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s
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2/6e-q2(s′-s′′)b1
2/6 (A13)
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4

9(2π)4 ∫0

∞
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∞
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s
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4
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